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1. Introduction 

The p-adic L- function Lp{E,s) of an elliptic curve E defined over Q has an 
extra zero at s = 1 coming from the interpolation factor at p if E' has split 
multiplicative reduction at the prime p. The Mazur-Tate-Teitelbaum conjec- 
ture (now a theorem of Greenbcrg-Stevens) describes the first derivative of 
Lp{E, s) as 

T (F ~ ^°Sp(g^) ^(-g.l) 

— l^p[l^,S) — -7—, T — T 

as ordp[qE) iij 

where qe is the Tate period of E coming from the p-adic uniformization of E at 
p, logp is the Iwasawa p-adic logarithm, il^ is the real period of E and L{E, 1) 
is the special value of the complex Hasse-Weil L-function at s = 1 . 
Known proofs of this conjecture are classified into two kinds. One is, as 
Grcenberg-Stcvens |GS| did first, a proof using a global theory like Hida's 
universal ordinary deformation. The other is, as Kato-Kurihara-Tsuji )KKT| 
or Colmez [C] did, a proof based on local theory (except using Kato's element). 
Each kind of proof has its own importance but the latter type of proof makes it 
clear that the substantial facts behind this conjecture are of local nature. The 
p-adic L-function is the image of Kato's element via a purely local morphism. 
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the so called Coleman map or Pcrrin-Riou map. The extra zero phenomena dis- 
covered by Mazur-Tate-Teitelbaum is, in fact, a property of the local Coleman 
map. 

In this paper, we prove a derivative formula fTheorem l4.1|) of the Coleman map 
for elliptic curves by purely local and elementary method and we apply this 
formula to Kato's element to show the conjecture of Mazur-Tate-Teitelbaum. 
Of course, our proof is just a special and the simplest case of that in Kato- 
Kurihara-Tsuji |KK'1'| or Colmez [C] (they proved the formula not only for 
elliptic curves but for higher weight modular forms) but I believe that it is 
still worthwhile to write it down for the following reason. First, the important 
paper Kato-Kurihara-Tsuji |KKT| has not yet been pubhshed. Second, since 
we restrict ourselves to the case of elliptic curves, the proof is much simpler and 
elementary (of course, such a simple proof would be also known to specialists. 
In fact, Masato Kurihara informed me that Kato, Kurihara and Tsuji have 
two simple proofs and one is similar to ours). I hope that this paper would 
help those who are interested in the understanding of this interesting problem. 

Acknowledgement: I would hke to wish Professor John Coates a happy six- 
tieth birthday, and to thank him for his contribution to mathematics, especially 
to Iwasawa theory. It is my great pleasure to dedicate this article to him on 
this occasion. 

This paper was written during the author's visit at the university of Paris 6. 
He would like to thank P. Colmez and L. Merel for the accommodation. He 
also would like to thank K. Bannai and N. Otsubo for discussion. Finally, he 
is grateful to the referee for his careful reading of the manuscript. 

2. A STRUCTURE OF THE GROUP OF LOCAL UNITS IN fcoo/Qp- 

Let koa/Qp be the (local) cyclotomic Zp-extension in Qp(Cp°°) := ^'^=oQp{Cp^) 
with Galois group F and let fc„/Qp be its n-th layer with Galois group F„. 
We identify the Galois group Gal(Qp(Cp°= )/Qp) with by the cyclotomic 
character k. Then F is identified with 1 + pZp and the torsion subgroup A of 
Gal(Qp(Cp== )/Qp) is regarded as fip-i C Zp . 

Let C/,j be the subgroup of consisting of the elements which are congruent 
to 1 modulo the maximal ideal m„ of Qj.^ . 

Following the Appendix of Rubin |^ or |Koj . for a fixed generator (Cpi)neN of 
Zp(l), we construct a certain canonical system of local points ((i„)„ G lim^^ 
and we determine the Galois module structure of using these points. 
We let 

This power series is convergent in Qp[[X]] due to the summation J^seA- '^^ 
straightforward to see that 



£'ix) ei + xZp[[x]], £(o) = o, - p) o £{x) e pZp[[x]] 
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where Lp is the Frobcnius operator such that {if o £)(X) = + 1)^ — 1). 

Hence by Honda's theory, there is a formal group !F over Zp whose logarithm 
is given by £, and l{X) = expo£[X) — 1 G Zp[[X]] gives an isomorphism of 

formal groups ^ G,n over Zp. (See for example. Section 8 of |Koj .l Take an 
element e of pZp such that £(s) — p and we define 

Cn := t((Cp" + i - 1) 

Since this element is fixed by the group A, this is an clement of Gm(m„). Then 
by construction, (i„ = 1 + c„ G satisfies the relation 

logp(d„) = £{e) + £(Cp.+i - 1) = P + E E ^^^^^^^^i • 

fe=o <5eA ^ 

Proposition 2.1. i) {dn)n is « norm compatible system and do = 1. 

ii) Let u be a generator o/Uq. Then as lAp[Tn]-module, dn and u generate [/^, 

and dn generates {11^)^^^ where N is the absolute norm from kn to Qp. 

Proof. Since (^p — 1 is not contained in m„, the group G,„(m„) does not con- 
tain p-power torsion points. Therefore to see i), it suffices to show the trace 
compatibility of (logp(d„))„, and this is done by direct calculations. For ii), 
we show that (i^^ (c„)°")crer„ and e generate ^(rrin) as Zp-module by induction 
for n. The proof is the same as that of Proposition 8.11 of |Koj but we rewrite 
it for the case of the reader. The case n = is clear. For arbitrary n, we show 
that £{mn) C m„ + /c„_i and 

:F(m„)/:r(tn„_i) = £(tn„)/^(tn„_i) ^ m„/tn„-i. 

The first isomorphism is induced by the logarithm £ and the last isomorphism 
is by (tn„ + fc„_i)//c„„i = m„/m„_i. As a set, JF(tn„) is the maximal ideal m„, 
and we write x G J^(m„) in the form x = X^aeA Si Cpt+ij o,i G ^p- Then for 
y = X^agA X^i '^i Cp" G ni,i_i, we see that x^ = y mod pQj.^ . Therefore for 
fc > 1, we have 

Hence we have J2s ^^^^pk — ~ ^ + ^n-i- Since £{x) is convergent, for 

sufficiently large feg, we have J^kLko ^^"''^pfc — — G ^n, and therefore £{x) 
is contained in m„ + fc„_i. Since £ is injective on J^(m„)(= Gm(m„)) and is 
compatible with the Galois action, we have £ (m„)nA:„^i = £ (tn„_i). Therefore 
we have an injection 

f(m,i)/^(m„_i) ^ (m„ + fc,i_i)/fc„_i ^ m„/m„_i. 

By direct calculations, we have ^(t~^(c„)) = ^^(Cpn+i ^ 1) niod kn-i- Since 
^^(Cpn+i ~1) generates m„/m„_i as a Zp[r„]-modulc with respect to the usual 
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addition, the above injection is in fact a bijcction. Thus (t~^(c„)'^)o-gr„ gener- 
ate JF(m„)/J^(m„_i) and by induction ((~^(c„)'^)o-er„ and e generate jr(tn„). 
Since Gm is isomorphic to J- by i, we have ii). □ 

Since Ndn = do = li by Hilbert's theorem 90, there exists an element a;„ e fc„ 
such that dn = xjjxn for a fixed generator 7 of F. We put 7r„ = ri5eA(Cp>i+i ~ 
1). Then 7r,i is a uniformizer of /c„ and by the previous proposition, be 
taken of the form a;„ = 7rfj"u„ where u„ G (C/,j)^^^. 

Proposition 2.2. /n </ie same notation as the above, we have 

p = e„ - 1) logp k(7) mod 

Proof. If we put 

G(X) = exp(p) ■ cxp o ^ (X) = exp o ^ {X[+]e) e 1 + (p, X)Zp[[X]], 
then by definition 

Ga(Cp™+i - 1) = 

where Ga{X) = G{{X + - 1) for a & T. By Proposition O ii), is 

written as a combination of d'^, and using the above G^, we can construct a 
power scries H{X) G 1 + (p, X)Zp[[X]] such that H{Qpm+i — 1) = Nf^^/i^^Un for 

-pj- (X + - 1 V" + - 1) 

Ai (^ + 1)^-1 



G{X) = mod 

since they are equal if we substitute X = (pm+i — 1 for < m < n. Substituting 
X = in this congruence and taking the p-adic logarithm, we see that p = 
e„(p- l)logpK(7) modp"+^ □ 

3. The Coleman map for the Tate curve. 

We construct the Coleman map for the Tate curve following the Appendix of 
p] or Section 8 of | Ko| . See also |Kuj . In this section we assume that E is the 
Tate curve 

Eq : y'^ + xy = + a4{q)x + ae{q) 
where q = qe E Qp satisfying \q\p < 1 and 

^ n'^q" 553(9) + 7s5(g) 
Sk[q) = 2^ J— "-iil) = -S3{q), ae[q) = — . 

n>l 

Then we have the uniformization 

(t>: Cp^'/q^^EqiCp), u^{X{u,q),Y{u,q)) 
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where 

(Of course, we put 0(q^) = O.) This isomorphism induces the isomorphism of 
the formal groups 4> : G„i = i?. It is straightforward to see that the pull back 
of the invariant differential uje ~ 2y+x with the parameter t = —x/y by 
is the invariant differential = on G„i with the parameter X = u — 1. 
Hence is given by the power series t = exp^j o log(l + X) — 1 G Zp[[X]]. 
From now we identify Gm with E by 0. In particular, we regard c„ G Gm(Tn„) 
in the previous section as an element of E{mn)- 

Let T = TpE be the p-adic Tate module of E a-nd V ^ T Qp. The cup 
product induces a non-degenerate pairing of Galois cohomology groups 

(, )£,„: H\K,T) X H\K,T*{1)) ^ H^{kn,Zp{l)) ^Zp. 

If there is no fear of confusion, we write ( , )E,n simply as ( , )e- By the 
Kummer map, we regard i?(m„) as a subgroup of H^{kn,T). Then we define 
a morphism Col„ : H^{k,,,T*{l)) ^ Zp[Tn] by 

z I — > ^ «, z)eji cr. 

This morphism is compatible with the natural Galois action and since the 
sequence (c„)„ is norm compatible, Col„ is also compatible for n with respect 
to the corcstrictions and the natural projections. We define the Coleman map 

Col: limi/i(fc„,T*(l)) — > A = Zp[[r]] 

n 

as the projective limit of Col„ over all n. 

We recall the dual exponential map. For every n let tan(i?/fc„) denote the 
tangent space of E/kn at the origin, and consider the Lie group exponential 
map 

exp^; „ : tan(£:/fc„) ^ E{kn) ® Qp. 

The cotangent space cotan(i?/fc„) is generated by the invariant differential lue 
over kn, and we let lu'^ be the corresponding dual basis of tan(iJ/A;„). Then 
there is a dual exponential map 

exp^ „ : H^{kn, V"*(l)) — > cotan(£;/fc„) = 

which has a property 

(x, z)E,n = Trfe„/Q^ logg(x) exp*^ „(z) 

for every x S £^(m„) and z £ H^{kn,V*{l)). Here exp*^ „ = uj*^ o exp^ „. If 
there is no fear of confusion, we write exp*^ „(z) as exp*^(2). Then using the 
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identification (f> : G„, = E, the morphism Col„ is described in terms of the dual 
exponential map as follows. 



Col„(2;) = ^ (c'^,z)E,nCr 



aer„ 



( Trfe„/Qp logp«) exp*^ (z) ) cr 



J2 iogpK)H ( E ^^piA^n^-' 



Let Gn be the Galois group Gal(Qp(Cpn)/Qp) and let x be a finite character of 
Gn+i of conductor p"~^^ which is trivial on A. Then we have 

E \t{x) if X is non-trivial, 
logpKJxl'^) = < „ ^, . 
_ otherwise 

where t(x) is the Gauss sum J2aeG„+i ^(^) Cp"+i- Hence for x 7^ 1, we have 

X o Col(z) = r(x) e^PtA^nx{<y)-'- 

Kato showed that there exists an element ^Kato g iJ^(fc„, T*(l)) such that 

E exp:,((z'^-°)^)x(a)-^=ep(x)^^^^^ 
^er„ 

where ep(x) is the value at s = 1 of the p-Euler factor of L{E,x,s), that is, 
ep(x) = 1 if X is non-trivial ar 
Theorem 12.5.) Hence we have 



ep(x) = 1 if X is non-trivial and ep(x) — (l^p) ifxis trivial. (See |Kal 



XoCol(zK-)=r(x)'^^'''^''^ 



if X is non-trivial. The p-adic L-function Lp{E, s) is written of the form 

Lp{E,s)^Cp,^iE,fi{-fy-^~l) 

for some power series Cp^^{E,X) G Zp[[X]]. If we identify A = Zp[[r]] with 
Zp[[X]] by sending 7 1 + X, then it satisfies an interpolation formula 

XoCp,^{E,X) = t(x) -p^ . 

Since an element of A has only finitely many zeros, we conclude that 

Co\{z^''^°){X) ^ Cp^^{E,X). 

Here we denote Col(z^''*°) by Col(z^^'°)(Ar) to emphasis that we regard 
Col(z'^''*°) as a power series in Zp[[X]]. Note that we have 1 o Col(z) = 
for the trivial character 1, or Col(z)(0) = 0, namely, any Coleman power series 
Col(z)(X) for the Tate curve has a trivial zero at AT = 0. 



THE MAZUR-TATE-TeITELBAUM CONJECTURE 



7 



4. The first derivative of the Coleman map. 

We compute the first derivative of the Coleman map Co\{z){X). By Tate's 
uniformization. tlicre is an exact sequence of local Galois representations 

(1) ^ Ti ^ T ^ Ta ^ 

where Ti = TpE = Zp(l) and T2 = Zp. The cup product induces a non- 
degenerate paring 

With the identification by (/) : Ti = Zp(l), this is in fact the cup product pairing 

of Gm 

( , )g„^„ : H\k,„Zp{l)) X H\k,„Zp) ^ i72(fc„,Zp(l)) = Zp. 

If there is no fear of confusion, we write ( , )Gm,n simply as ( , )g™- Since 
c„ e E{kn) C H^{kn,Ti), we have 

for z € H^{kn,T*{l)) where tt is the morphism induced by the projection 
r*(l) T^{1). Tate's uniformization also induces a commutative diagram 

i/i(fc„,y*(i)) k^ojE fc„ 



H\kn,V,*{l)) ^ fc„a;G„ — ^ fc„ 

where wg™ is the invariant differential of Gm which is on Gm, and 
is the dual basis for . We also put exp*^_ = cu^^ o exp*^ . 
Now we compute the derivative. With the same notation as the previous sec- 
tion, we have 



Col„(z) = ^ (c^, z)eji = X! ('^n' ■^(•^))G™,n CT 

o-er„ o-6r„ 
<T6r„ 



Therefore by the identification Zp[X] / {{X + 1)p" - I) ^ Zp[r„], X ^ j - 1, 
we have 

Col(.)(X) _ 1 V- . {X + ir-1 



- X! CT mod 

Hence 



' (Ter„ 



Col(z)'(0) = -(Na;„, ^(0))g„,o mod 
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Since Nx„ — p'^"N(w„) — p*^" and by Proposition 12. 21 we have 

P 

(Nx„, 7r(z))G„ = e„ (p, 7r(z))G„ = -^-j tT mod p". 

[p - 1) logp k(7) 

Taking hmit for n, we see that 

(2) Col(z)'(0) = -- (p^niz))G^. 

(p - l)logpK(7) 

Next we compute {p, tt(z))q^. We consider the exact sequence 

induced by and a diagram 

i/i((Qp,Ti) X i/i(Qp,ri*(l)) if2((Qp,Zp(l)) =Zp 

i?°(Qp,T2) xi/2(Qp,T*(l)) i/2(Qp,Zp(l)) = Zp. 

It is straightforward to see that the connecting morphism is given by 

Hence for w G i?^(Qp, rj*(l)), we have 

{qe ® 1, w)g,„ = ((^iCl), w)g„ = (1, '52(w))g„- 

In particular, if w comes from iJ^(Qp, r*(l)), namely, it is of the form tt{z), 
then 

(3) {qe ® 1, w)g„. = (te <8> 1, 7I'(2:))g„ = 0. 

On the other hand, if we put qe = p°''dp(9E) where p S /^p-i and Uq € 
1 + pZp , we have 

(4) (g_B 1, w)g„ = ordp(g£;) (p, w)g„ + (uq, 'w)g„ 

(5) = ordp(g£;) (p, w)g„ + logp(wg) exp*^_^ (w). 
Hence by ^ and © we have 

(6) (p, 7r(z))G„ = — ^ — ^^^Pi^r, (^(^)) = T7 — Texp^g(z). 

ordp(g_B) ordp(9£;) 

Combining ^ and we obtain 

Theorem 4.1. For z e lim^^ iJ^(fc„, r*(l)), i/ie leading coefficient of the Cole- 
man map Col(z) is given by 

— Col(z) X) \x=o = 7 ^ — ^7 — rexp (z). 

dX p - 1) log K 7) ordp Qij) 



Now if .E/Q has split multiplicative reduction at p, then we may assume that 
E is locally the Tate curve for some qe & Qp ■ We apply the above formula to 
Kato's element z = z^''^°. Since exp*^ (z'^'^*") = (1 - ^)^^^§r^, we have 
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Corollary 4.2. Let Cp^-y{E, X) be the power series in Zp[[X]] such that 
Lp{E, s) = Cp^^iE, Ki^y-'^ - 1). Then 
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